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Abstract Considering the growing interest of the astrophysicist community in the
study of dissipative fluids with the aim of getting a more realistic description of
the universe, we present in this paper a physical analysis of the energy-momentum
tensor of a viscous fluid with heat flux. We introduce the general form of this tensor
and, using the approximation of small velocity gradients, we relate the stresses
of the fluid with the viscosity coefficients, the shear tensor and the expansion
factor. Exploiting these relations, we can write the stresses in terms of the extrinsic
curvature of the normal surface to the 4-velocity vector of the fluid, and we can
also establish a connection between the perfect fluid and the symmetries of the
spacetime. On the other hand, we calculate the energy conditions for a dissipative
fluid through contractions of the energy-momentum tensor with the 4-velocity
vector of an arbitrary observer. This method is interesting because it allows us
to compute the conditions in a reasonably easy way and without considering any
approximation or restriction on the energy-momentum tensor.
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1 Introduction
Perfect fluids are of great interest since they have been used to describe differ-
ent astrophysical scenarios in the context of the general relativity. In fact, most
numerical relativity simulations are carried out considering fluids in which the vis-
cosity and heat conduction vanish [1,2]. Nevertheless, sometimes it is important
to consider the dissipative effects. This is the case of neutron star oscillations, for
which a perfect fluid model may present instabilities, being important to introduce
dissipative effects to study whether the instability disappears or not [3]. Moreover,
the relation between the viscosity and the stability of a star is fundamental for
gravitational-wave asteroseismology [4]. On the other hand, recent efforts to un-
derstand the importance of viscous fluids in the context of relativistic heavy ion
collision have taken relevance since phenomenological investigations have shown
that the bulk viscosity of QCD matter is not small [5].
Now, if we want to include dissipative terms in the energy-momentum tensor,
in order to obtain solutions that describe more realistic astrophysical objects, we
can not forget that these solutions need to satisfy some energy conditions that
ensure a reasonable physical behavior of the gravitational field source [6,7]. These
conditions are very useful to reduce the number of possible solutions to the Einstein
equations to only those with physical meaning [8], and to prove the occurrence
of singularities without requiring the exact expression of the energy-momentum
tensor [9]. On the other hand, from the point of view of the numerical simulations,
a problem one has to face is that the general relativistic Eulerian hydrodynamics
equations may diverge or develop unphysical results once the rest mass density
tends to zero; thus a numerical atmosphere has to be implemented to prevent
these kind of effects. Commonly, the atmosphere is defined as the minimum value
of the rest mass density, that avoids the divergence of the specific enthalpy and
possible errors which may be propagated to the other variables. For this reason,
the implementation of an atmosphere based on the energy conditions makes the
numerical simulations more physically credible.
Based on the above discussion, it is important to recognize the physics of
dissipative processes contained in the energy-momentum tensor of an imperfect
fluid; in other words, to understand how is the heat flux vector related to the
temperature, and how is the stress tensor related to the viscosity. The first relation
is not difficult to find and understand since many books and papers explain it [10,
2,4,11]. Nevertheless, the relation between the stresses and the viscosity is not so
clear. For this reason, the first objective of this work is to relate the stresses of the
fluid with the viscosity coefficients and the kinematic quantities of the medium
(shear and expansion), under the approximation of small velocity gradients. It
allows us to write the main stresses of the energy-momentum tensor in terms of
the geometric properties, and also, to relate the isotropy of the fluid with the
symmetries of the spacetime.
The second part of this paper is devoted to determining the energy conditions
for a fluid with viscosity and heat flux. These conditions have already been com-
puted by Kolassis, Santos and Tsoubelis in 1988 [7] by means of the method of
eigenvalues and eigenvectors of the energy-momentum tensor. Nevertheless, this
method leads to a fourth order characteristic polynomial whose roots are too com-
plicated to be found explicitly, and it requires the introduction of some restrictions.
Fortunately, following the method used by E. Poisson [12] to compute the energy
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conditions for a viscous fluid, we can find the general energy conditions of a fluid
with viscosity and non-zero heat flux vector more easily and in a natural way, i .e.
without dealing with fourth order polynomials or introducing restrictions on the
source of gravitational field. With this method, we only need to write the spatial
part of the energy-momentum tensor (corresponding to the stress tensor) in an
orthonormal basis in which the diagonal elements are the principal stresses of the
fluid and the heat flux 4-vector has arbitrary components. This method provides a
general procedure for writing down the energy conditions without the assumption
of small velocity gradients.
The layout of this paper is the following: in section 2, we introduce the energy-
momentum tensor for a viscous fluid with non-zero heat flux, and we analyze
how the stresses are related to the kinematic properties (shear and expansion)
and the viscosity coefficients, in the approximation of small velocity gradients.
Additionally, we present some interesting equations that establish a relationship
between the stresses and the geometric properties of the spacetime. In section 3,
we compute the energy conditions for a viscous fluid with heat flux by means
of the physical quantities (energy density, energy flux density, etc.) as measured
by an arbitrary observer. This procedure is interesting because of its simplicity
and because it is free from restrictions. Finally, we present our main concluding
remarks in section 4. We will work with the signature (−,+,+,+), and with units
in which the gravitational constant G and the speed of light c are equal to one.
2 The Energy-Momentum Tensor
In general relativity, the sources of the gravitational field are the energy and the
momentum of the particles forming the astrophysical object. This information is
given by the energy-momentum tensor Tαβ , which represents the flux of the α-
component of the momentum across a surface where the coordinate xβ is constant
[13]. In this way, the T 00 component of the energy-momentum tensor is the energy
flux across a surface of t constant, i .e. the energy density. Following a similar
reasoning, T 0i is the energy flux across a surface of xi constant. Now, if the frame
of reference moves with the fluid (comoving reference frame), then the particles
will have zero velocity and the energy will only flow via heat conduction, so T 0i
corresponds to the heat flux in the i direction. Finally, T ij is the flux of the i
momentum across the surface of xj constant, hence, it represents the stress in the
i direction on the surfaces of xj constant. The components T 0i and T ij are related
to dissipative phenomena like thermal radiation and viscosity as we will see later.
We will consider a general anisotropic fluid with nonzero heat flux vector,
whose energy–momentum tensor can be written as follows,
Tαβ = ρuαuβ + qαuβ + qβuα + Sαβ , (1)
where ρ is the energy density as measured by a “comoving” observer with velocity
uα, which satisfies uαuα = −1 with u0 > 0, qα is the spacelike “heat” flux vector
such that qαuα = 0, and S
αβ is the stress tensor. The eigenvectors of the stress
tensor define the directions of the principal stresses as a base in which Sαβ is
diagonal. By means of a Gram–Schmidt process the base becomes orthonormal in
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such a way that
xαyα = 0 , x
αxα = 1 , x
αuα = 0 , (2)
xαzα = 0 , y
αyα = 1 , y
αuα = 0 , (3)
yαzα = 0 , z
αzα = 1 , z
αuα = 0 , (4)
and the eigenvalues equations are
Sαβxβ = p1x
α, Sαβyβ = p2y
α, Sαβzβ = p3z
α, (5)
where we have defined pi, with i = 1, 2, 3, as the principal stresses.
Thus, the energy-momentum tensor in the “comoving” tetrad
eα(µ) = {eα(0), eα(1), eα(2), eα(3)} = {uα, xα, yα, zα}, (6)
is given by (1) with
Sαβ = p1x
αxβ + p2y
αyβ + p3z
αzβ, (7)
and,
qα = q1x
α + q2y
α + q3z
α. (8)
It is worth mentioning that the heat flux vector has arbitrary components because
its direction does not coincide necessarily with one of the principal stresses. This
vector satisfies the relations
qαuα = 0, q
αqα = q
2 ≥ 0, (9)
where q =
√
q21 + q
2
2 + q
2
3 .
When the fluid is at rest, the tangential stresses are zero and the normal stress
does not depend on the direction of the normal vector [14]. In this case p1 =
p2 = p3 = p, and the stress tensor (7) becomes S
αβ = p(xαxβ+yαyβ+zαzβ). We
identify the metric of the spatial surface (normal to uα) hαβ = xαxβ+yαyβ+zαzβ,
which is related to the metric of the spacetime through the equation
hαβ = gαβ + uαuβ. (10)
In this way, the stress tensor can be written as
Sαβ = phαβ, (11)
where p is the local equilibrium pressure of the fluid or static pressure.
When the fluid is moving, the situation is quite different, the tangential stresses
are different from zero, and the normal stress depends on the spatial direction, i .e.
p1 6= p2 6= p3 in general. As in the static fluid, it is interesting to have a physical
quantity, which will be denoted as pˆ to differentiate it from the local equilibrium
pressure p, that measures the intensity of the “squeezing” in a point of the fluid.
Therefore, we take this quantity to be the average value of the normal component
of the stress over the surface of a small sphere centered at the point of interest. It
can be shown that this quantity is [14]
pˆ =
S
3
=
p1 + p2 + p3
3
, (12)
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where S is the trace of Sαβ . This local average stress is usually called the isotropic
pressure, it is invariant under rotations of the spatial axes, and its interpretation
in a moving fluid is similar to that of p. Now, it is convenient to write the stress
tensor as
Sαβ = pˆhαβ +Παβ , (13)
where pˆhαβ is an isotropic term, and Παβ is a traceless tensor that contains
information about the tangential stresses (anisotropic term). Substituting (13) in
the energy-momentum tensor (1), we obtain
Tαβ = ρuαuβ + pˆhαβ + qαuβ + qβuα +Παβ . (14)
On the other hand, according to Landau and Lifshitz [15], processes of internal
friction (viscosity) occur when there is a relative velocity between two adjacent
elements of the fluid. Now, if the velocity gradients are small, we can consider the
stress tensor depending only on the first derivatives of the velocity, as a linear
combination of them. Using this first order approximation, Eckart proposed in
1940 a relativistic theory for dissipative fluids [16], which is widely used nowadays,
despite its causality and stability problems [11]. In the Eckart theory, the energy-
momentum tensor is written in terms of the viscosity coefficients as [10]
Tαβ = ρuαuβ + qαuβ + qβuα + (p− ζΘ)hαβ − 2ησαβ , (15)
where ζ > 0 and η > 0 are the bulk and shear viscosity, respectively, Θ = uα;α is
the expansion, and σαβ is the shear tensor,
σαβ =
1
2
(
uα;µh
µβ + uβ;µh
µα
)
− 1
3
Θhαβ , (16)
which is symmetric and traceless. Physically, the expansion measures the rate of
change of the volume of a fluid element per unit volume, and the shear tensor
measures the shearing deformation of a fluid element.
As we can see, it is possible to write down the expression (15) as the sum of
three components
Tαβ = Tαβpf + T
αβ
heat + T
αβ
visc, (17)
where
Tαβpf = ρu
αuβ + phαβ, Tαβheat = q
αuβ + qβuα, Tαβvisc = −ζΘhαβ − 2ησαβ , (18)
are the perfect fluid, heat flux and viscosity energy momentum tensors, respec-
tively.
On the other hand, according to the non-relativistic Fourier’s law of heat con-
duction, the heat flows when the temperature changes between two spatial points
in the fluid. When the temperature gradient ∇T is small, the non-relativistic heat
flux can be written, in an approximate manner, as −κ∇T , where the constant κ
is the thermal conductivity and the minus sign states that the heat flows from a
point of higher temperature to another point where T is lower. Generalizing the
non-relativistic Fourier’s law of heat conduction for a relativistic fluid, and taking
into account the flow of heat due to the accelerated matter (relativistic effect), the
heat flux vector can be written as [16]
qα = −κhαβ(T,β + Taβ), (19)
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where aβ = u
αuβ;α is the acceleration of the fluid, so the second term in the last
equation is an isothermal heat flux due to the inertia of the energy.
Now, it is reasonable to think that the isotropic pressure and the main stresses
in (1) and (14) should be related to the viscosity coefficients, the shear tensor, and
the expansion in (15). To obtain such relations, we project (14) and (15) on the
induced spatial metric, so we find that the isotropic pressure, pˆ = 13hαβT
αβ , is
given by
pˆ = p− ζΘ, (20)
so ζΘ is a bulk viscous pressure, which measures the deviation of pˆ from the local
equilibrium pressure p. Using the last expression and comparing (14) and (15), it
is easy to see that Παβ can be written as
Παβ = Sαβ − pˆhαβ = −2ησαβ . (21)
This expression is very interesting because we can project its two indices with the
spatial vectors of the comoving tetrad, (xα, yα, zα), in order to get the principal
stresses p1, p2 and p3 in terms of η and σ
αβ , such that
p1 = pˆ− 2ησαβxαxβ , p2 = pˆ− 2ησαβyαyβ, p3 = pˆ− 2ησαβzαzβ. (22)
The expressions (20) and (22) allow us to analyze the relation between the
stresses and the dynamic properties of the fluid. We can distinguish the following
four cases:
– CASE 1: If the properties of fluid are such that the bulk and shear viscosity
are zero, i .e. ζ = 0 and η = 0 (no viscosity), then p1 = p2 = p3 = pˆ = p. We
can say that the stress in the fluid is isotropic.
– CASE 2: If the fluid velocity is zero (static case), the expansion and the shear
vanishes and the fluid does not dissipate energy via viscosity. This implies again
that p1 = p2 = p3 = pˆ = p and the fluid becomes isotropic.
– CASE 3: If η = 0 and ζ 6= 0 then p1 = p2 = p3 = pˆ, and pˆ = p + ζΘ. In
this case, the stress of the fluid is isotropic, but pˆ is not just the equilibrium
pressure, there is an additional isotropic contribution to the energy-momentum
tensor of the form ζΘhαβ due to the bulk viscosity [17].
– CASE 4: If η 6= 0 and ζ = 0 then the bulk viscosity contribution to the
isotropic pressure vanishes, so pˆ = p. Nevertheless, the stress of the fluid is
anisotropic since σαβxαxβ 6= σαβyαyβ 6= σαβzαzβ 6= 0 in general. It means
that the energy is dissipating due to shearing deformations.
If qα = 0, then the cases 1 and 2 will describe a perfect fluid (no energy dissipation).
On the other hand, there is an alternative way for writing (22) in terms of the
extrinsic curvature of the normal surface to uα, which is defined as
Kab = uα;βe
α
(a)e
β
(b)
, (23)
where a = 1, 2, 3. This curvature provides information on how much the 4-velocity
direction changes from one point to another in the spatial surface [2]. To do it, we
start by projecting (16) along the spatial components of the tetrad, such that
σαβxαxβ = uα;βx
αxβ − Θ
3
,
σαβyαyβ = uα;βy
αyβ − Θ
3
, (24)
σαβzαzβ = uα;βz
αzβ − Θ
3
;
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nevertheless, according to (23), the double contraction of uα;β with the spatial
vectors xα, yα and zα are the components K11, K22 and K33 of the the extrinsic
curvature respectively. So, we can rewrite (24) as
σαβxαxβ = K11 − Θ
3
,
σαβyαyβ = K22 − Θ
3
, (25)
σαβzαzβ = K33 − Θ
3
,
in such a way that (22) becomes
p1 = pˆ− 2η
(
K11 − Θ
3
)
,
p2 = pˆ− 2η
(
K22 − Θ
3
)
, (26)
p3 = pˆ− 2η
(
K33 − Θ
3
)
.
According to the last expressions, we distinguish the next case:
– CASE 5: When K11 = K22 = K33 = Θ/3, the stresses are such that p1 =
p2 = p3 = pˆ and pˆ = p + ζΘ; therefore the fluid becomes isotropic and the
energy is dissipated through bulk viscosity. So, we can also study the energy
dissipation due to the bulk viscosity when the diagonal terms of the extrinsic
curvature are equal to Θ/3.
Even though in the cases 3 and 5 the fluids have isotropic stresses and the bulk
viscosity is different from zero, these are physically different since in the case 3 we
made an assumption about the viscosity coefficients, which does not say anything
about the state of motion of the fluid, while in the case 5 the assumption constrains
the movement of the fluid.
Finally, there is another interesting alternative for writing (22) in order to ana-
lyze the stresses of the fluid, but now in terms of the symmetries of the spacetime.
To do this, we start writing the first terms in (24) as
uα;βx
αxβ =
1
2
(uα;β + uβ;α)x
αxβ ,
uα;βy
αyβ =
1
2
(uα;β + uβ;α) y
αyβ, (27)
uα;βz
αzβ =
1
2
(uα;β + uβ;α) z
αzβ .
At this point, we need to introduce the well known Lie derivative [6], which de-
scribes the change of an arbitrary tensor, say Aαβ, in the direction of a vector ξ,
and its expression is as follow
£ξAαβ = ξ
µAαβ;µ +Aµβξ
µ
;α +Aαµξ
µ
;β . (28)
This derivative is very interesting because, when Aαβ is the metric tensor of the
spacetime, the last expression reduces to
£ξgαβ = ξα;β + ξβ;α. (29)
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Moreover, if ξ defines a direction in which the spacetime does not change (sym-
metry direction), then
£ξgαβ = 0, (30)
and ξ becomes in a Killing vector.
Now, changing ξ by u in (29), we can transform (27) into
uα;βx
αxβ =
1
2
(£ugαβ)x
αxβ ,
uα;βy
αyβ =
1
2
(£ugαβ) y
αyβ, (31)
uα;βz
αzβ =
1
2
(£ugαβ) z
αzβ ,
such that (24) takes the following form [18]
σαβxαxβ =
1
2
(£ugαβ)x
αxβ − Θ
3
,
σαβyαyβ =
1
2
(£ugαβ) y
αyβ − Θ
3
, (32)
σαβzαzβ =
1
2
(£ugαβ) z
αzβ − Θ
3
;
in this way, with (32) we can write (22) as
p1 = pˆ− 2η
[
1
2
(£ugαβ)x
αxβ − Θ
3
]
,
p2 = pˆ− 2η
[
1
2
(£ugαβ) y
αyβ − Θ
3
]
, (33)
p3 = pˆ− 2η
[
1
2
(£ugαβ) z
αzβ − Θ
3
]
.
Additionally, the expansion factor can be expressed in terms of the Lie derivative
as [12]
Θ =
1
2
hαβ£ugαβ , (34)
so (33) reduces to
p1 = pˆ− η
(
xαxβ − 1
3
hαβ
)
£ugαβ,
p2 = pˆ− η
(
yαyβ − 1
3
hαβ
)
£ugαβ , (35)
p3 = pˆ− η
(
zαzβ − 1
3
hαβ
)
£ugαβ ,
and (20) turns into
pˆ = p− 1
2
ζhαβ£ugαβ; (36)
therefore, we can state that:
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– CASE 6: If the 4-velocity vector of the fluid, uα, is a linear combination of
the Killing vectors of the spacetime, i .e. if the fluid moves in world lines in
which the properties of the spacetime does not change, then £ugαβ = 0 and
the fluid becomes isotropic with p1 = p2 = p3 = pˆ = p. If in addition q
α = 0,
then the fluid will be perfect.
This case is very interesting because it establishes a connection between the space-
time symmetries, the movement of the fluid, and the dissipation phenomena due
to viscosity.
In this section, we have analyzed the main stresses of a dissipative fluid with
heat flux in terms of viscosity coefficients, the shear tensor and the expansion,
under the approximation of small velocity gradients (Eckart framework). However,
in order to guarantee the existence of solutions to the Einstein equations in the
presence of a realistic viscous fluid, the source must obeys the energy conditions.
Such conditions are computed in the next section for a fluid with different main
stresses and a non-zero heat flux vector, without any assumptions concerning to
the velocity gradients.
3 The Energy Conditions
Any realistic gravitational system, described with the Einstein field equations
Rαβ − 1
2
gαβR = 8πTαβ , (37)
where Rαβ is the Ricci tensor and R is the scalar of curvature, needs to satisfy
some energy conditions that ensure the reasonable physical behavior of the matter
and its gravitational field. On the other hand, there are infinite possibilities for
choosing the energy-momentum tensor to get a solution of (37), so we need to
impose the energy conditions to reduce them to only those with physical meaning
[8].
Now, in order to find the energy conditions for a relativistic dissipative fluid,
we need an observer that measures the thermodynamic quantities (energy den-
sity, stresses, energy fluxes, and so on); therefore, we consider an arbitrary ob-
server defined by its 4-velocity vectorWα, which satisfies the following conditions:
WαWα = −1 and W 0 > 0, that is, the vector is timelike and also future oriented,
respectively. In terms of the comoving tetrad, we can write
Wα = W (µ)eα(µ) = γu
α +A1x
α +A2y
α +A3z
α, (38)
where γ and Ai are the components of the W
α in the comoving tetrad. Since
the 4-velocity is timelike and unitary, its components have to satisfy the following
relation
γ =
√
1 +A21 +A
2
2 +A
2
3 ≥ 1. (39)
The vector Aα = A1x
α +A2y
α +A3z
α is the spatial part of Wα, such that
Aαu
α = 0, AαA
α = A2 ≥ 0,
A =
√
A21 + A
2
2 +A
2
3 ≥ 0. (40)
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From the last two relations, we can see that γ =
√
1 +A2, and therefore, when A
goes to infinity, the following condition
lim
A→∞
γ = A, (41)
has to be satisfied, so that γ ≥ A.
Now, we can compute the thermodynamics quantities, as measured by the
arbitrary observer, by contracting the energy-momentum tensor (1) with the 4-
velocity vector Wα. So we can define the quantities
ǫ = TαβW
αWβ, (42)
Sα = −TαβWβ, (43)
where ǫ is the energy density and Sa is the energy flux density vector, both mea-
sured by Wα. In terms of the above quantities we formulate the energy conditions
as:
1. Weak Energy Condition (WEC). The energy density as measured by any arbi-
trary observer can not be negative:
ǫ ≥ 0. (44)
2. Strong Energy Condition (SEC). Any arbitrary timelike or null congruence
must be convergent, thus the gravitational field will be attractive:
RαβW
αWβ ≥ 0. (45)
Nevertheless, from expression (37) the Ricci tensor, Rαβ , can be written in
terms of Tαβ as
Rαβ = 8π
(
Tαβ − 1
2
Tgαβ
)
, (46)
where T = −R/8π; then, the relation (45) can be also written as
µ = ǫ+
T
2
≥ 0, (47)
where T = gαβTαβ , the trace of Tαβ , is given by
T = −ρ+ p1 + p2 + p3 = −ρ+ 3pˆ. (48)
3. Dominant Energy Condition (DEC). The energy flux density vector, as mea-
sured by any arbitrary observer, must be a future oriented timelike or null
vector:
SαS
α ≤ 0, (49)
S0 > 0. (50)
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In this work, and in order to illustrate the procedure, we present two cases.
The first one corresponds to the case when the observer is moving with the fluid
and the second one is the general case in which the observer moves arbitrarily.
In the first case, the energy conditions at the comoving tetrad take a very simple
form and they are obtained when Wα = uα; that is, by taking Ai = 0 and γ = 1.
In this case we have that the energy conditions reduce to
WEC : ρ ≥ 0, (51)
SEC : ρ+ 3pˆ ≥ 0, (52)
DEC : ρ ≥ q. (53)
However, in the second case for an arbitrary non-comoving observer, the procedure
to get the energy conditions is more complicated and for this reason, we will analyze
each one, with more detail, in the following subsections.
3.1 Weak Energy Condition
From (42), we can write the energy density ǫ in terms of the quantities measured
by the comoving observer as
ǫ = ργ2 +
3∑
i=1
piA
2
i − 2γ(q ·A), (54)
where
q ·A =
3∑
i=1
qiAi, (55)
is the usual scalar product in the euclidean space. Now, by using (39), we can
write
ǫ = ρ+
3∑
i=1
(ρ+ pi)A
2
i − 2γ(q ·A). (56)
On the other hand, it is clear that
− qA ≤ q ·A ≤ qA, (57)
therefore, ǫ will take the lowest value when q ·A = qA, so we can state that
ǫ ≥ ρ+
3∑
i=1
(ρ+ pi)A
2
i − 2qAγ. (58)
Finally, according to (41), we can use A = γ to ensure, again, the lowest value for
ǫ, in such a way that
ǫ ≥ ρ+
3∑
i=1
(ρ+ pi)A
2
i − 2qγ2, (59)
then, it can be written as
ǫ ≥ (ρ− 2q) +
3∑
i=1
(ρ+ pi − 2q)A2i , (60)
12 Oscar M. Pimentel et al.
where we have used (39). Therefore, ǫ ≥ 0 for all values of Ai if the function
(ρ − 2q) + ∑3
i=1(ρ + pi − 2q)A2i has a positive minimum with respect to the
variables (A1, A2, A3). It happens if and only if the eigenvalues associated with
the quadratic form
∑3
i=1(ρ+pi−2q)A2i are positive and (ρ−2q) is positive. Thus,
the necessary and sufficient conditions in order to have ǫ ≥ 0, in agreement with
the weak energy condition, are
ρ ≥ 2q, (61)
ρ+ pi ≥ 2q, (62)
with i = 1, 2, 3.
3.2 Strong Energy Condition
By using the values of the energy density ǫ and the trace of the energy-momentum
tensor T , we have that the expression (47) takes the form
µ =
1
2
(
ρ+
3∑
i=1
pi
)
+
3∑
i=1
(ρ+ pi)A
2
i − 2γ(q ·A). (63)
Now, following a similar procedure as the one used for the weak energy condition,
i .e. by using (39), (41) and (57), we can write the last expression as
µ ≥ ρ+ 3p− 4q
2
+
3∑
i=1
(ρ+ pi − 2q)A2i , (64)
so that, in a similar way as in the weak energy condition, the necessary and
sufficient conditions to have µ ≥ 0, in order to fulfill the strong energy condition,
are
ρ+ 3pˆ ≥ 4q, (65)
ρ+ pi ≥ 2q, (66)
where i = 1, 2, 3.
3.3 Dominant Energy Condition
With the aim of finding the dominant energy condition in terms of the energy
density ρ, the heat flux vector qα, and the principal stresses p1, p2 and p3, we
start by writing the conditions (49) and (50) in the comoving reference frame,
where the metric tensor reduces to that of Minkowski and the calculations are
easier. Now, since Sα can be taken as a linear combination of the basis vectors
e
(µ)
α as Sα = S(µ)e
(µ)
α , we can obtain the components of the energy flux density
in the comoving tetrad by multiplying this expression by e
(µ)
α and considering the
orthonormal properties of the tetrad to get
S(µ) = e
α
(µ)Sα. (67)
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Additionally, the contravariant components are obtained with the Minkowski met-
ric via S(µ) = η(µ)(ν)S(ν), such that
S(0) = ργ − q ·A, S(i) = qiγ − piAi, (68)
with i = 1, 2, 3.
Now, the dominant energy condition demands the energy flux vector Sα to be
future oriented; this requirement is equivalent to S(0) > 0. However, since
S(0) = ργ − q ·A > (ρ− q)γ, (69)
then the necessary and sufficient condition to have S(0) > 0 is that
ρ > q. (70)
Moreover, the term SαSα in (49) is invariant under coordinate transformations,
so we can state that
SαS
α = S(µ)S
(µ) = −(S(0))2 + (S(1))2 + (S(2))2 + (S(3))2. (71)
Thus, if we define
N(S) = (S(0))2 − (S(1))2 − (S(2))2 − (S(3))2, (72)
then SαS
α = −N(S), and the dominant energy condition requires that N(S) ≥ 0.
On the other hand, with (68) we can write N(S) as
N(S) = (ργ − q ·A)2 −
3∑
i=1
(qiγ − piAi)2. (73)
By expanding this last expression and using the value of γ, we obtain
N(S) = (ρ2 − q2) +
3∑
i=1
(ρ2 − q2 − p2i )A2i + (q ·A)2
+ 2γ
[
3∑
i=1
qipiAi − ρ(q ·A)
]
, (74)
and then, using the condition (70) and the fact that q ≥ 0, we obtain
N(S) ≥ (ρ2 − q2 − 2ρq) +
3∑
i=1
(ρ2 − q2 − 2ρq − p2i )A2i
+ 2γ
3∑
i=1
qipiAi, (75)
where we have used q ·A ≤ qA ≤ qγ and dropped the term (q ·A)2 because it is
always positive. Finally, as −q ≤ qi ≤ q and −A ≤ Ai ≤ A, is easy to see that
− qγ ≤ −qA ≤ qiAi ≤ qA ≤ qγ, (76)
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and therefore
N(S) ≥ [ρ2 − q2 − 2(ρ+ 3pˆ)q]
+
3∑
i=1
[ρ2 − q2 − 2(ρ+ 3pˆ)q − p2i ]A2i . (77)
Accordingly, as in previous cases, the necessary and sufficient conditions to have
N(S) ≥ 0 are
ρ2 ≥ q2 + 2(ρ+ 3pˆ)q, (78)
ρ2 ≥ p2i + q2 + 2(ρ+ 3pˆ)q, (79)
where i = 1, 2, 3. Finally, it is easy to see that if the condition (79) is satisfied,
then (78) will be also satisfied.
3.4 Summary
Any realistic gravitational system needs to satisfy the weak, strong, and dominant
energy conditions. When the source of gravitational field presents dissipative phe-
nomena such as viscosity and heat flux, the weak energy condition and the strong
energy condition are satisfied if
ρ ≥ 2q, (80)
ρ+ pi ≥ 2q, i = 1, 2, 3, (81)
ρ+ 3pˆ ≥ 4q. (82)
These inequalities force the energy density to be positive, and the gravitational
field to be attractive. Finally, the dominant energy condition, which establish that
the energy flux must be a future oriented timelike or null vector, is satisfied if
ρ2 ≥ p2i + q2 + 2(ρ+ 3pˆ)q, i = 1, 2, 3. (83)
When the heat flux vanishes, the above conditions reduce to those presented by
E. Poisson in his classic book ”A relativist’s toolkit : the mathematics of black-hole
mechanics” [12]. It is worth mentioning that the energy conditions we present are
obtained without considering the Eckart approximation and so they are valid in
general, that is, the calculations are framework independent.
4 Conclusion
In this paper, we have written the energy-momentum tensor for a viscous fluid
with heat flux in a comoving tetrad in which the stress tensor is diagonal and the
heat flux vector has arbitrary components. Under the Eckart approximation of
small velocity gradients, we have related the isotropic pressure and the principal
stresses with the viscosity coefficients, the shear tensor, and the expansion factor.
This relations allow us to understand, in a simpler way, the relation between the
dissipation phenomena and the anisotropy (or isotropy) properties of the stress
tensor. We have particularly shown that the principal stresses in the fluid are
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equal to the local equilibrium pressure when the viscosity coefficients vanished, or
when the fluid is static (CASES 1 and 2). In both cases the viscosity effects are zero
and the energy is not dissipated through internal friction processes. Nevertheless,
as it was established in CASE 3, when η = 0 and ζ 6= 0, the stress of the fluid
becomes isotropic but the bulk viscosity does not cancel, so the term ζΘhαβ in
the energy-momentum tensor, due to the bulk movement of the fluid, contributes
in the energy dissipation. Otherwise, if the bulk viscosity vanishes but the shear
one does not, as in CASE 4, the stress of the fluid will become anisotropic and the
energy will be dissipated through internal friction.
On the other hand, using the shear tensor definition (16) we have shown the
spatial projections of σαβ in terms of the extrinsic curvature of the normal surface
to uα, and in terms of the Lie derivative of the metric tensor. These alternative
ways of writing (20) and (22) allowed us to relate the principal stresses with
the geometric properties of the spacetime. Moreover, when the diagonal elements
of the extrinsic curvature are equal to Θ/3 (CASE 5), the stress in the fluid is
isotropic and the energy is dissipated through bulk viscosity. Finally, using the
symmetries of the spacetime, it is found that when the fluid velocity vector is
a linear combination of the Killing vectors, the principal stresses are equal and
the isotropic pressure reduces to the local equilibrium pressure. If in addition,
qα = 0 then the fluid will be perfect. Hence, a connection between the dissipation
phenomena and the symmetries of the spacetime is established.
Now, taking into account that any realistic source of gravitational field needs
to satisfy some energy conditions, we have computed them for a viscous fluid
with heat flux, whose energy-momentum tensor is written in the form (1). We
also consider the energy density and the energy flux density vector measured by
an arbitrary observed, and then apply the method used by E. Poisson [12] in
order to find the energy conditions in terms of the thermodynamical properties
of the fluid (ρ, p1, p2, p3, q). The weak energy condition, that makes the energy
density to be positive, and the strong energy condition, that ensures the attractive
nature of the gravitational field, are both satisfied if the inequalities (80), (81),
and (82) are simultaneously satisfied. Finally, the energy flux density vector is
timelike and future oriented (dominant energy condition) if (83) is satisfied. These
conditions were found following a simple algebraic process in which we have not
needed to introduce any approximation or restriction on the energy-momentum
tensor; hence, the conditions are general and they can be applied to any source of
gravitational field in which the electromagnetic fields are not presented.
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